restart,
#Digits :=40;
with(LinearAlgebra) :

Text S1

This document evaluates the derived potential dV/dAx

Y Ideal integrals
1

sqrt((Rx — Tx)* + (Ry — Ty)* + (Rz — Tz)?) ;
1

SSSS == (Rx, Ry, Rz, Tx, Ty, 1z) —

(Rx, Ry, Rz, Tx, Ty, Tz) — (1.1)
J (Rx—Tx)>+ (Ry — Tv)*> + (Rz — Tz)°
SSPOPO := (Rx, Ry, Rz, Tx, Ty, Tz, D2) —SSSS(Rx, Ry, Rz, Tx, Ty, Tz)
-I-L( 3 12 3 5 — SSSS(Rx, Ry, Rz, Tx, Ty,
2 sqrt( (Rx—Tx)" 4+ (Ry —Ty)" + (Rz — Tz)" + (2-D2)*)
T2) );
(Rx, Ry, Rz, Tx, Ty, Tz, D2) — % SSSS(Rx, Ry, Rz, Tx, Ty, Tz) (1.2)
N 1

24 (Rx—Tx)> + (Ry— Ty)* + (Rz — Tz)> + 4 D2
SSPZPZ := (Rx, Ry, Rz, Tx, Ty, Tz, D2) —>SSSS(Rx, Ry, Rz, Tx, Ty, T%)
1 1

+ —_
4 ( sqrt( (Rx — Tx)* + (Ry — Ty)* + (Rz — Tz)*) +2 D2
+ 5 ! 5 5 j—i-SSSS(Rx, Ry, Rz, Tx, Ty, Tz);
sqrt( (Rx — Tx)" + (Ry —Ty)" + (Rz — Tz)") -2 D2 ) 2
(Rx, Ry, Rz, Tx, Ty, Tz, D2) —>% SSSS(Rx, Ry, Rz, Tx, Ty, Tz) 1.3
N 1

4 (V(Re—To0)2 + (Ry — Ty)* + (Rz — Tz)? +2D2)
]

+

4 (VRe—T0)2 + (Ry — Ty)* + (Rz — Tz)? —2D2)

SSSPZ := (Rx, Ry, Rz, Tx, Ty, Tz, DI) —>%

1

( sqrt( (Rx — Tx)* + (Ry — Ty)* + (Rz — Tz)?) + DI
1 .
sqrt( (Rx — Tx)*> + (Ry — Tv)* + (Rz — Tz)?) - D1 )
1

(Rx, Ry, Rz, Tx, Ty, Tz, D1) — (1.4
2 (V(Re—T0)" + (Ry—T9)° + (R — T2)° +DI)




|
2 (V (Re—10)2+ (Rv—Ty)* + (Rz — T=)2 —DI)

Y Projection operators
Rx — Tx

X, = (Rx,Ry, Rz, Tx, Ty, Tz) —
X, (Rx, Ry, Rz, Tx, Ty, Tz) :

factor(%);
Rx—Tx

VR2

Ry —Ty

X, = (Rx, Ry, Rz, Tx, Ty, Tz) —
X, (Rx, Ry, Rz, Tx, Ty, Tz) :

factor(%);
Ry —Ty
v R2

Rz —1z

Xy = (Rx, Ry, Rz, Tx, Ty, Tz) —
X;(Rx, Ry, Rz, Tx, Ty, 1z) :

factor(%);
Rz —1Tz
JR2
Ry—Ty .
sqrt( (Rx — Tx)* + (Ry — 1))

Y, == (Rx, Ry, Rz, Tx, Ty, 1z) — -
Y, (Rx, Ry, Rz, Tx, Ty, 1z) :

subs(Rx* —2 Rx Tx + Tx" + Ry> —2 Ry Ty + Ty* =RY2, %) :
factor(%);
_Ry=Ty
RY2
Rx — Tx )
2 AN
sqrt( (Rx — Tx)" + (Ry — Ty)*)

Y, = (Rx, Ry, Rz, Tx, Ty, Tz) —

Y,(Rx, Ry, Rz, Tx, Ty, 1z) :

subs(R.x2 —2RxTx +Tx° +Ry2 —2RyTy + Ty2=RY2, %)
factor(%);

sqrt((Rx — Tx)? + (Ry— Ty)> + (Rz — T2)%)

subs(Ré —2RxTx + IX* + R* — 2Ry Ty + T/ + RZ> —2 Rz Tz + T =R2, %) :

sqrt( (Rx — Tx)? + (Ry— Ty)> + (Rz — T2)%)

subs(REé —2RxTx + IX* + R* — 2Ry Ty + T/ +RZ> —2 Rz Tz + T =R2, %) :
sqrt( (Rx — Tx)> + (Ry — Tv)> + (Rz — Tz)*)

subs(REé —2RxTx + IX* + R* — 2Ry Ty + T/ +RZ> —2 Rz Tz + T =R2, %) :

subs(Ré —2RxTx + IX* + R* —2 Ry Ty + T/ +RZ> —2 Rz Tz + T =R2, %) :

subs(R —2 RxTx + TX* + R —2 Ry Ty + TV + RZ> —2 Rz Tz + T =R2, %) :

2.1)

2.2)

(2.3)

(2.4)



Z, = (Rx, Ry, Rz, Tx, Ty, 1z) —
(Rx — Tx)-(Rz — Tz)

Z,(Rx, Ry, Rz, Tx, Ty, Tz) :
subs(Ré —2RxTx + IX* + R* — 2Ry Ty + T/ + RZ> —2 Rz Tz + T =R2, %) :
subs(R —2 Rx Tx + TX> + R —2 Ry Ty + T/* =RY2, %) :
factor(%);
(Rx —Tx) (Rz —T%)

VR2 RY2

(Ry —Ty)-(Rz —TZ)

Z, == (Rx, Ry, Rz, Tx, Ty, Tz) >

Z,(Rx, Ry, Rz, Tx, Ty, T=) -
subs(Ré —2 RxTx + TX* + R* —2 Ry Ty + T/ + RZ> —2 Rz Tz + T =R2, %) :
Subs(Rx2 —2RxTx + Tx° +Ry2 —2RyTy + Ty2=RY2, %)

factor(%);
_(Ry—Ty) (Rz —Tz)
v R2 \RY2
Zy = (Rx, Ry, Rz, Tx, Ty, Tz)
(Rx — Tx)* + (Ry — Ty)”

sqrt( (Rx — Tx)* + (Ry — Ty)> + (Rz — Tz)?) -sqrt( (Rx — Tx)* + (Ry — Ty)?) :

sqrt( (Rx — Tx)* 4 (Ry — Ty)* + (Rz — Tz)?) -sqrt( (Rx — Tx)* + (Ry — Ty)?)

H
sqrt ( (Rx — Tx
Z,(Rx, Ry, Rz, Tx, Ty, T=) -
subs(Ré —2 RxTx + TX* + R —2 Ry Ty + TV + RZ> —2 Rz Tz + T =R2, %) :
Subs(Rx2 —2RxTx + Tx° +Ry2 —2RyTy + Ty2=RY2, %)
factor(%);
RE—2RxTx+ T +RV 2Ry Ty + I)*

VR2 JRY2

¥ Derived ideal integrals
Here the simple derivative of the integrals are evaluated.

1) First we have the (ss|ss) integrals

diff (SSSS(Rx, Ry, Rz, Tx, Ty, Tz), Rx) :
subs(R —2 RxTx + TX* + R — 2Ry Ty + T/ + RZ> —2 Rz Tz + T =R2, %) :
factor(%);
_ Rx—Tx
R23/2
diff (SSSS(Rx, Ry, Rz, Tx, Ty, Tz), Ry) :
subs(R —2 RxTx + TX* + R —2 Ry Ty + T/ + RZ> —2 Rz Tz + T =R2, %) :

)2+ (Ry — Ty)> + (Rz — T2)°) -squt( (Rx — Tx)> + (Ry — Ty)?)

2.5)

(2.6)

(2.7

(2.8)

(3.1)



factor(%);
_Ry—Ty 3.2)

diff (SSSS(Rx, Ry, Rz, Tx, Ty, Tz), Rz) :
subs(R* —2 RxTx + T* + RV —2 Ry Ty + P + R> —2 Rz Tz + T =R2, %) :
factor(%);

Rz —1z
T 3.3)
2) Second we have the (ss|p_op_0) integrals
diff (SSPOPO(Rx, Ry, Rz, Tx, Ty, Tz, D2), Rx);
1 2 Rx —2 Tx (3.4)
3/2 '
Y (RE-2RATX+ TP +RP—2Ry Ty + TV + R —2 R T2 + T)
1 2 Rx —2 Tx
3/2
Y (RE-2RxTx+ T +RP—2Ry Ty + V2 + R —2 Rz Tz + T + 4 D2)
y y Ty + Ty
(3.5)
(3.6)
diff (SSPOPO(Rx, Ry, Rz, Tx, Ty, 1z, D2), Ry);
- L 2Ry—217Ty (3 7)
3/2 '
Y RE-2RTX+ TP +RP—2Ry Ty + TV + R —2 Rz T2 + TF)
1 2Ry—2Ty
3/2
Y (RE-2RxTx + T +RP—2Ry Ty + TV + R —2 Rz Tz + T + 4 D2)
(3.8)
3.9)
diff (SSPOPO(Rx, Ry, Rz, Tx, Ty, Tz, D2), Rz);
1 2Rz —2T% (3.10)
3/2 '
Y RE-2RTx+ TP +RP—2Ry Ty + TV + R —2 Rz T2 + TF)
1 2Rz =21z
3/2
Y (RE-2RATx + T +RP—2Ry Ty + TV + R —2 Rz Tz + T + 4 D2)
(3.11)
(3.12)
3) Third we have the (ss|p_sp_s) integrals
diff (SSPZPZ(Rx, Ry, Rz, Tx, Ty, Tz, D2), Rx)
subs(R —2 RxTx + TX* + R* —2 Ry Ty + TV + RZ> —2 Rz Tz + T =R2, %) :
factor( %),
2 4
(Rx — Tx) (R —2 R2D2* + 8 D) (3.13)

R (JRT +202)° (-VEZ +2D2)°
diff (SSPZPZ(Rx, Ry, Rz, Tx, Ty, Tz, D2), Ry) :
subs(R* —2 RxTx + T* + R —2 Ry Ty + P + R> —2 Rz Tz + T =R2, %) :
factor(%);



\ 4

(Ry—Ty) (R?—2R2D2* +8 D)

h 2 2
R?? (JR2 +2D2) (-VR2 +2D2)
diff (SSPZPZ(Rx, Ry, Rz, Tx, Ty, 1z, D2), Rz) :
subs(Ré —2RxTx + IX* + R* — 2Ry Ty + T/ + RZ> —2 Rz Tz + T =R2, %) :
factor( %),

(Rz — Tz) (R2*> =2 R2D2?* + 8 DY)

B 2 2
R (JRZ +2D2) (-yR2 +2D2)

4) Finally we have the (ss|sp_s) integrals

diff (SSSPZ(Rx, Ry, Rz, Tx, Ty, Tz, D1), Rx) :

subs(R —2 RxTx + TX* + R —2 Ry Ty + TV +RZ> —2 Rz Tz + T =R2, %) :
factor(%);

2 (Rx — Tx) DI

(VR2 +Dz)2(—m +Dz)2
diff (SSSPZ(Rx, Ry, Rz, Tx, Ty, Tz, D1), Ry) :
subs(Ré —2 RxTx + IX* + R* —2 Ry Ty + TV + R> —2 Rz Tz + T =R2, %) :
factor(%);

2 (Ry—Ty) DI

(VRZ + 1)’ (-VRZ +D1)’
diff (SSSPZ(Rx, Ry, Rz, Tx, Ty, Tz, D1), Rz)
subs(REé —2RxTx + IX* + R* — 2Ry Ty + T/ +RZ> —2 Rz Tz + T =R2, %) :
factor(%);

2 (Rz—1Tz) DI

(VRZ +01)° (-VRZ +D1)°

Derived projection operators
The projection operators are

X=R-T
normalization of X is sqrt(1-X[3]*X[3])
Y = [-X[2], X[1], O]

Z=X\timesY

In the manuscript, theyare R=X,u=Yandw=Z

V¥ Derivatives of projection operator X

X[1]

p
lﬁ( sqrt( (Rx — Tx)®

Rx — Tx
+ (Ry—Ty)> + (Rz — Tz)?)

,Rx):

subs(R® —2RxTx + IX> + RV — 2Ry Ty + T/* + RZ> —2 Rz Tz + T =R2, %) :

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)



factor(%);
R2 — R¥*> +2 Rx Tx — Tx*
R23/2

. Rx—Tx
di ( 5 5 3 ,Ry) :
sqrt( (Rx — Tx)” + (Ry — Ty)” + (Rz — Tz)”)
subs(Ré —2RxTx + IX* + R — 2Ry Ty + T/ + R* —2 Rz Tz + T =R2, %) :
factor(%);
_(Ax—=Tx) (Ry—=Ty)
R23/2
sqrt( (Rx — Tx)* + (Ry — Tv)* + (Rz — T2)%)
subs(Ré —2RxTx + IX* + R — 2Ry Ty + T/ + R* —2 Rz Tz + T =R2, %) :
factor(%);
(Rx — Tx) (Rz — Tz)
- RPN
x[2]
dlﬂ( Ry_ Ty R)C) .
sqrt((Rx —Tx)* + (Ry— )’ + (Rz —T2)%) )
subs(Ré —2RxTx + IX* + R — 2Ry Ty + T/ + RZ> —2 Rz Tz + T =R2, %) :
factor(%);
_(Rx—Tx) (Ry—1y)
R23/2
d"ﬁ(( 2 =iy 2 2 >Ry):
sqrt( (Rx — Tx)” + (Ry — Ty)” + (Rz — Tz)”)
subs(Ré —2RxTx + IX* + RV — 2Ry Ty + T/ + RZ> —2 Rz Tz + T =R2, %) :
factor(%);
R2—R/+2Ry Ty — 1y
R23/2
d’ﬁp( 2 Ky =1y 2 2 ’sz:
sqrt( (Rx — Tx)” + (Ry — Ty)” + (Rz — Tz)”)
subs(R* =2 RxTx + T* + RV —2 Ry Ty + P + R> —2 Rz Tz + T =R2, %) :
factor(%);
_ (Ry—Ty) (Rz—Tz)
R23/2
x[3]
sqrt((Rx — Tx)? + (Ry — Ty)* + (Rz — T2)%)

subs(REé —2RxTx + IX* + R — 2Ry Ty + TV + RZ> —2 Rz Tz + T =R2, %) :

factor(%);
(Rx —Tx) (Rz — Tz)

R23/2

4.1.1)

4.1.2)

4.1.3)

4.1.4)

(4.1.5)

(4.1.6)

4.1.7)



. Rz —1z
d’ﬂ( 2 2 2 ’Ry) :
sqrt( (Rx — Tx)™ + (Ry — Ty)” + (Rz — Tz)”)
subs(R® —2 RxTx + IX> + RV — 2Ry Ty + TV + RZ> —2 Rz Tz + T =R2, %) :
factor(%);

_(Ry—=Ty) (Rz —TZ)

Py (4.1.8)
diﬂ( el : ,Rz):
sqrt( (Rx — Tx)™ + (Ry — Ty)” + (Rz — Tz)”)
subs(R® —2 RxTx + IX>* + RV — 2Ry Ty + TV + RZ> —2 Rz Tz + T =R2, %) :
factor(%);
. 2 2
R2 — Rz —;;gZTZ Tz (4.1.9)
X[1]*x[1]
2
. Rx—Tx
(s o) )
sqrt( (Rx — Tx)™ + (Ry — Ty)” + (Rz — Tz)”)
subs(R* =2 RxTx + T* + RV —2 Ry Ty + P + RZ> —2 Rz Tz + T =R2, %) :
factor(%);
o 2 . 2
2 (Rx —Tx) (R2 R)zc +2 Rx Tx — Tx") (4.1.10)
R2
2
. Rx—Tx
a TP ) )
sqrt( (Rx — Tx)™ + (Ry — Ty)” + (Rz — Tz)”)
subs(R* =2 RxTx + T* + RV — 2Ry Ty + P + R> —2 Rz Tz + T =R2, %) :
factor(%);
R2*
2
. Rx—Tx
a T nr ) )
sqrt( (Rx — Tx)” + (Ry — Ty)” + (Rz — Tz)")
subs(R* =2 RxTx + T* + RV —2 Ry Ty + P + R> —2 Rz Tz + T =R2, %) :
factor(%);
2 (Rx—Tx)* (Rz — T) 4.112)
R??
x[2]*x[2]
2
(s ) )
sqrt( (Rx — Tx)” + (Ry — Ty)” + (Rz — Tz)”)
subs(Ré —2RxTx + IX* + R — 2Ry Ty + TV + RZ —2 Rz Tz + T =R2, %) :
factor(%);
_2(Ry=Ty)" (Re=Tx) (4.1.13)

R’



Ry —T 2
l o))
sqrt( (Rx — Tx)” + (Ry — Iy)” + (Rz — Tz)")

subs(REé —2RxTx + IX* + R — 2Ry Ty + TV + RZ> —2 Rz Tz + T =R2, %) :
factor(%);

)2

2 (Ry—Ty) (R2—R* +2Ry Ty — TH*)

: 4.1.14)
R2
2
. Ry—T
(e ) )
sqrt( (Rx — Tx)" + (Ry — Iy)” + (Rz — Tz)")
subs(REé —2RxTx + IX* + R — 2Ry Ty + TV + RZ> —2 Rz Tz + T =R2, %) :
factor(%);
2 (Ry=Ty)" (Rz=Tz) (4.1.15)
R??
X[3]*x[3]
2
. Rz—1Tz
a S nrrw ) ™)
sqrt( (Rx — Tx)” + (Ry — Ty)” + (Rz — Tz)”)
subs(Ré —2RxTx + IX* + RV — 2Ry Ty + T/* + RZ> —2 Rz Tz + T =R2, %) :
factor(%);
2 (Rz—Tz)* (Rx— Tx) (4.1.16)
R2
2
. Rz—1Tz
e e ]
sqrt( (Rx — Tx)” + (Ry — Ty)” + (Rz — Tz)”)
subs(Ré —2RxTx + IX* + RV — 2Ry Ty + T/ + RZ> —2 Rz Tz + T =R2, %) :
factor(%);
2 (Rz—T2)> (Ry—1Ty) 4.117)
R2
2
. Rz—1Tz
(e e )
sqrt( (Rx — Tx)” + (Ry — Ty)” + (Rz — Tz)°)
subs(Ré —2RxTx + IX* + RV — 2Ry Ty + TV + RZ> —2 Rz Tz + T =R2, %) :
factor(%);
2 (Rz—Tz) (R2—RA+2R: Tz — T7)
: (4.1.18)
R2
x[2]*x[1]
. Ry—T
dlﬁ[( 2 . > 2 2
sqrt( (Rx — Tx)” + (Ry — Iy)" + (Rz — Tz)")
Rx —Tx
' 2 2 2 ’Rx);
sqrt( (Rx — Tx)” + (Ry — Ty)” + (Rz — Tz)”)
_ (Ry—Ty) (Rx —Tx) (2 Rx —2 Tx) (4.1.19)

2
(R —2RxTx+ T + RV —2 Ry Ty + B’ + R — 2 Rz Tz + T7°)
Ry —Ty
2 2 2 2 2 2
R —2RxTx+Tx"+Ry —2RyTy+Ty +Rz" —2Rz Tz + T~

+



. Ry — T
dﬁ( 2 . > 2 2
sqrt( (Rx — Tx)™ + (Ry — Ty)” + (Rz — Tz)”)
Rx— Tx
: 3 7 Ry |
sqrt( (Rx — Tx)” + (Ry — Ty)” + (Rz — Tz)”)
Rx —Tx
2 2 2 2 2 2
R —2RxIx+Tx"+Ry —2RyTy+1y +Rz"—2RzT1z+ Tz
_ (Ry—Ty) (Rx—Tx) (2Ry—2 Ty)
2
(R —2RxTx+ T + R —2 Ry Ty + > + RZ* — 2 Rz Tz + T7°)
. Ry — T
dlﬁ{( 2 . > 2 2
sqrt( (Rx — Tx)” + (Ry — Iy)" + (Rz — Tz)")
Rx —Tx

' sqrt( (Rx — Tx)* + (Ry—Ty)> + (Rz — Tz)?)

Rz);

(Ry—Ty) (Rx—Tx) (2Rz —2 Tz)

2
(R —2RxTx+ Tx* + R —2 Ry Ty + > + RZ* — 2 Rz Tz + T7°)

X[3]*x[1]
Rz — T
dlﬁ{( 2 - 2 2
sqrt( (Rx — Tx)" + (Ry — Iy)" + (Rz — Tz)")
Rx —Tx

sqrt( (Rx — Tx)2 + (Ry — Ty)? + (Rz — T2)?)

Rx)

(Rz —T1Tz) (Rx —Tx) (2Rx—2Tx)

2
(R —2RxTx+ T + RV —2 Ry Ty + B’ + R — 2 Rz Tz + T7°)

diﬁ(

diﬂ(

sqrt ( (Rx — Tx

sqrt ( (Rx — Tx

Rz—1Tz
RE—2RxTx +TX* +RP —2Ry Ty + TV + RZ> —2 Rz Tz + T7
Rz —1z
+ (Ry—1Ty
Rx —Tx
Ry s
+ (Ry—Ty)" + (Rz — Tz)")
(Rz — Tz) (Rx —Tx) (2Ry —2 Ty)

+

sqrt( (Rx — Tx)? )2 + (Rz — Tz)?)

)2 )2

- 2
(R —2RxTx+T¥* + R —2 Ry Ty + V> + RZ> —2 Rz Tz + T7°)
Rz — Tz
sqrt( (Rx — Tx)* + (Ry — Ty)> + (Rz — Tz)?)
Rx—T
2 ~ 2 2 ’RZ);
)"+ (Ry = Ty)" + (Rz — T2)")
Rx — Tx

sz

—ORxTx+ T + RV —2Ry Ty + 1* + R —2 Rz Tz + T
(Rz—Tz) (Rx—Tx) (2Rz —2 T%)

2
(R —2RxTx+Tx* + RV —2 Ry Ty + > + RZ* — 2 Rz Tz + T7°)

X[3]*x[2]

diﬁ‘(

Rz—1Tz
sqrt((Rx — Tx)? + (Ry — Ty)* + (Rz — Tz)?)

(4.1.20)

4.1.21)

4.1.22)

(4.1.23)

4.1.24)



Ry —Ty .
7 5 , Rx |;
+ (Ry—Ty)" + (Rz — Tz)")

. sqrt( (Rx — Tx
) (Rz —Tz) (Ry—Ty) (2 Rx —2 Tx) (4.1.25)

2
(RZY —2RxTx + T¥* + R* —2 Ry Ty + Iy> + RZ* —2 Rz Tz + T7%)
. Rz—1Tz
di 2 2 2
sqrt( (Rx — Tx)” + (Ry — Ty)” + (Rz — Tz)”)
Ry —T
sqrt( (Rx — Tx)” + (Ry — Ty)” + (Rz — Tz)”)

) (Rz —Tz) (Ry—1Ty) (2Ry—21y) (4.1.26)

2
(R —2RxTx+ T + RV —2 Ry Ty + I’ + R — 2 Rz Tz + T7°)
Rz—1z
+ 2 2 2 2 2 2
R —2RxTx+Tx"+Ry —2RyTy+Ty +Rz"—2RzTz+ T~
diﬁp( Rz — Tz
+ (Ry—Ty
Ry — T’
2 r—r 2 2 ’RZ);
)"+ (Ry —Ty)" + (Rz — T2)7)
Ry —Ty
2 2 2 2 2 2
R —2RxIx+Tx"+Ry —2RyTy+1y +Rz"—2RzT1z+ Tz
(Rz —Tz) (Ry—Ty) (2Rz —2 T%)

2
(sz—ZRxTx-l-sz-l—Rz—ZR T +T2+Rzz—2Rsz+Tzz)
Y SN Y

)2

sqrt( (Rx — Tx)? )2+ (Rz — Tz)?)

sqrt( (Rx — Tx

4.1.27)

V¥ Derivatives of projection operator Y
y[1]*y[1] = x[2]*x[2] / (1-x[3]*X[3])
Y11, = (Rx, Ry, Rz, Tx, Ty, Tz) —>a’ijj‘( Y, (Rx, Ry, Rz, Tx, Ty, Tz) - Y, (Rx, Ry, Rz, Tx, Ty, Iz),
Rx) :
Y11 (Rx, Ry, Rz, Tx, Ty, Tz);
(Ry — Ty)* (2 Rx — 2 Tx)

- . @.2.1)
(R —2RxTx + T + RV —2 Ry Ty + IY°)
subs(R¥* =2 Rx Tx + Tx> + RV —2 Ry Ty + TV’=RY2, %);
2 R
_ (Ry—Ty) (22Rx 2 Tx) 4.2.2)
RY?2
YI1,:= (Rx, Ry, Rz, T, Ty, Tz) —diff (¥, (Rx, Ry, Rz, Tx, Ty, Tz) Y, (Rx, Ry, Rz, Tx, Ty, Tz),
Ry) :
YIIy(Rx, Ry, Rz, Tx, Ty, Tz);
2 (Ry—1y) (4.2.3)

RE—2RxTx +Tx + RV —2 Ry Ty + Ty
(Ry—Ty)* 2Ry —2Ty)

2

(R —2RxTx + T + R —2 Ry Ty + %)




4.2.4)
subs(R® —2 Rx Tx + Tx> + RY* —2 Ry Ty + T/"=RY2, %);

2(Ry—Ty) (Ry— 7y)* (2 Ry —2Ty)
RY2 Rygz

(4.2.5)

Y11 := (Rx, Ry, Rz, Tx, Ty, Tz) —>diﬁ"( Y, (Rx, Ry, Rz, Tx, Ty, Tz) - Y, (Rx, Ry, Rz, Tx, Ty, Tz),
Rz) :
Y11 (Rx, Ry, Rz, Tx, Ty, Tz),
0 (4.2.6)
4.2.7)
subs(Rx2 — 2 Rx Tx + Tx* —|—Ry2 —2Ry Ty + Ty2=RY2, %);
0 (4.2.8)

y[21*y[1] = -x[1]*x[2] / (1-x[3]*x[3])
Y21, := (Rx, Ry, Rz, Tx, Ty, Tz) = diff ( Y,(Rx, Ry, Rz, Tx, Ty, Tz) - Y, (Rx, Ry, Rz, Tx, Ty, Tz),

Rx) :
Y21 (Rx, Ry, Rz, Tx, Ty, Tz),;
) Rx2—2RxTx+11“jc)2}—|—2)/2—2Ry Ty + T)° 429
i (Rx —Tx) (Ry—Ty) (2 Rx —2 TXx)
(RE—2RxTx + T2 + R —2 Ry Ty + T3
(4.2.10)
subs(Rx2—2RxTx+Tx2+Ry2—2RyTy+Ty2=RY2, %);
_Ry—Ty n (Rx —Tx) (Ry—1Ty) (2 Rx —2 Ix) 4.2.11)

RY2 RY22
Y21, = (Rx, Ry, Rz, Tx, Ty, Tz) = diff ( Y,(Rx, Ry, Rz, Tx, Ty, Tz) - Y, (Rx, Ry, Rz, Tx, Ty, Tz),
Ry) :
Y21, (Rx, Ry, Rz, Tx, Ty, Tz);
(Rx —Tx) (Ry—1Ty) (2Ry—21Ty)

(4.2.12)
2 2 2 22
(R —2RxTx +Tx" +Ry —2Ry Ty + Iy")
_ Rx — Tx
R —2RxTx +TX* + R —2 Ry Ty + TH”
(4.2.13)
subs(R¥* =2 Rx Tx + Tx> + RV —2 Ry Ty + TV’=RY2, %);
(Rx —Tx) (Ry—Ty) (2Ry—21Ty) Rx —Tx
— 4.2.14
RY?? RY2 ( )
Y21, := (Rx, Ry, Rz, Tx, Ty, Tz) = diff ( Y,(Rx, Ry, Rz, T, Ty, Tz) - Y, (Rx, Ry, Rz, Tx, Ty, Tz),

Rz) :
Y21 (Rx, Ry, Rz, Tx, Ty, Tz),
0 (4.2.15)



(4.2.16)
subs(R¥* —2 Rx Tx + Tx* + RV —2 Ry Ty + TV’=RY2, %);
0 (4.2.17)
y[2]*y[2] = x[1]*x[1] / (1-x[3]*X[3])
Y22 = (Rx, Ry, Rz, Tx, Ty, Tz) —>diﬁ’( Y,(Rx, Ry, Rz, Tx, Ty, Tz) - Y, (Rx, Ry, Rz, Tx, Ty, 1z),
Rx) :
Y22(Rx, Ry, Rz, Tx, Ty, Tz);
2 (Rx — Tx)
RE —2RxTx +TX + R —2 Ry Ty + TH”
(Rx — Tx)? (2 Rx — 2 Tx)
2 2 2 2)2
(R —2RxTx + Tx" + Ry —2 Ry Ty + T)")

#eval( %, { Rx=-16.692327595, Ry =2.053546334, Rz =4.935321773, Tx =-16.319510615, Ty
=3.200959013, 7z=8.115683388, D2=0.512573800});

subs(R¥* —2 Rx Tx + To> + R —2 Ry Ty + V’=RY2, %);
2 (Re—Tx)  (Rx—Tx)> (2Rx—2 Tx)

(4.2.18)

(4.2.19)
RY2 RY2
Y22, := (Rx, Ry, Rz, Tx, Ty, Tz) = diff ( Y,(Rx, Ry, Rz, Tx, Ty, Tz) - Y, (Rx, Ry, Rz, Tx, Ty, Tz),
Ry) :
Y22,(Rx, Ry, Rz, Tx, Ty, Tz);
2
(Rx —Tx)" 2Ry —21Ty) (4.2.20)

(RE—2RxTx + T+ RP —2 Ry Ty + TH2)°

#eval( %, {Rx=-16.692327595, Ry=2.053546334, Rz =4.935321773, Tx =-16.319510615, Ty

=3.200959013, Tz =8.115683388, D2=0.512573800});

subs(R¥* —2 Rx Tx + T> + R —2 Ry Ty + V’=RY2, %);
_ (Rx—Tx)> (2Ry—21Ty)

5 (4.2.21)
RY2
Y22 = (Rx, Ry, Rz, Tx, Ty, Tz) —>diﬁ‘(Y2(Rx, Ry, Rz, Tx, Ty, Tz) - Y, (Rx, Ry, Rz, Tx, Ty, 1z),
Rz) :
4.2.22)
subs(sz — 2 RxTx + Tx* —|—Ry2 —2Ry Ty + Ty2=RY2, %);
(Rx, Ry, Rz, Tx, Ty, Tz) _)6% (Y2(Rx, Ry, Rz, Tx, Ty, Tz)z) (4.2.23)
¥V Derivatives of projection operator Z
z[1]*z[1]
Z11, = (Rx, Ry, Rz, Tx, Ty, Tz) —>diﬁ‘(Zl(Rx, Ry, Rz, Tx, Ty, Tz) - Z,(Rx, Ry, Rz, Tx, Ty, 1z),
Rx) :

Z11 (Rx, Ry, Rz, Tx, Ty, Tz);
(2 (Rx — Tx) (Rz—Tz)z)/((Rx2—2RxTx+Tx2+Ry2—2RyTy+Ty2+RZZ




—2RzTz4T7) (R —2RxTx + T +RP —2Ry Ty + 1Y) ) — ((Rx— Tx)? (Rz — Tz)* (2 Rx —
+17)) = (R —Tx)? (R — T2)> (2 Rv—2 7)) | (R —2 Ry T + T2
+RF—2RyTy + TV + R —2 Rz Tz + T) (R¥ —2 Rx Tx + Tx> + R)

2
—2Ry Ty +13%)°)
Heval(%, {Rx =-16.692327595, Ry =2.053546334, Rz =4.935321773, Tx =- 16.319510615, Ty
=3.200959013, Tz =8.115683388, D2=0.512573800}):

subs(R® —2RxTx + IX* + RV — 2Ry Ty + T/ + RZ> —2 Rz Tz + T =R2, %) :
subs(R® —2 Rx Tx + Tx> + RY* —2 Ry Ty + T/"=RY2, %);
2 (Rx—Tx) (Rz—T2)>  (Rx—Tx)" (Rz—T2)” (2 Rx — 2 Tx)
R2 RY2 R RY2
(Rx — Tx)? (Rz — Tz)*> (2 Rx — 2 Tx)
R2 RY2?
ZI1,:= (Rx, Ry, Rz, Tx, Ty, Tz) ~diff (Z,(Rx, Ry, Rz, Tx, Ty, Tz)-Z, (Rx, Ry, Rz, Tx, Ty, Tz),

Ry) :
Z11(Rx, Ry, Rz, Tx, Ty, Tz);

4.3.2)

-((Rx—Tx)? (Rz—Tz)2(2Ry—2Ty))/((Rx2—2RxTx+Tx2+Ry2—2RyTy+Ty2
YR 2R T4 T2) (R —2RxTx + T + R —2 Ry Ty + 1) )
—((Rx—Tx)* (Rz—Tz)*> 2Ry —2 Ty))/((sz—ZRxTx-I—sz—i-Ryz—ZRyTy+Ty2+Rzz—2
+17)°)

(4.3.4)
subs(Ré —2RxTx + IX* + RV — 2Ry Ty + T/ + RZ> —2 Rz Tz + T =R2, %) :
subs(R® —2 Rx Tx + TxX> + RY* —2 Ry Ty + T/"=RY2, %);
_ (Rx—Tx)> (Rz—Tz)" 2Ry —2Ty) _ (Rx—Tx)* (Rz—Tz)* 2Ry —2Ty) 435)
R’ RY?2 R2RY??
ZI1 = (Rx, Ry, Rz, Tx, Ty, Tz) = diff (Z,(Rx, Ry, Rz, Tx, Ty, Tz)-Z, (Rx, Ry, Rz, Tx, Ty, Tz),

Rz):

Z11_(Rx, Ry, Rz, Tx, Ty, Tz);

(2 (Re—Tx) (Rz = T2)) | ((R® =2 Rx Tx + T + RY? —2 Ry Ty + Ty* + R
—2R:Tz4+TH) (RO —2RxTx+ T + RV —2Rv Ty + 1) ) — (Rx — Tx)? (Rz — T2)* (2 Rz —
+177))

subs(REé —2RxTx + IX* + R — 2Ry Ty + TV + RZ> —2 Rz Tz + T =R2, %) :

subs(R¥* =2 Rx Tx + Tx> + RV —2 Ry Ty + TV’=RY2, %);

2 (Rx—Tx)> (Rz—Tz)  (Rx—Tx)* (Rz—T2)> (2Rz —2 T%)
R2RY2 R RY2

4.3.7)

z[2]*Z[2]
7222 = (Rx, Ry, Rz, Tx, Ty, Tz) —>d1'ﬁ‘(Zz(Rx, Ry, Rz, Tx, Ty, Tz) - Z,(Rx, Ry, Rz, Tx, Ty, 1z),



Rx) :
222 (Rx, Ry, Rz, Tx, Ty, Tz),;
-((Ry—Tv)? (Rz —Tz)* (2 Rx —2 Tx))/((Rx2—2RxTx+Tx2+Ry2—2RyTy+Ty2
2
FRE 2Rz +T2) (RE—2RxTx + ¢+ RP —2 Ry Ty + T7) )
—((Ry—Ty)* (Rz—Tz)* 2 Rx—2 Tx))/((Rx2—2RxTx+Tx2+Ry2—2RyTy+Ty2+Rzz—2
2
+57)7)
subs(REé —2RxTx + IX* + R — 2Ry Ty + TV + RZ> —2 Rz Tz + T =R2, %) :
subs(R¥* =2 Rx Tx + Tx> + R —2 Ry Ty + V’=RY2, %);
_(Ry—Ty)* (Rz—T2)* 2Rx—2Tx) _ (Ry—Ty)* (Rz—Tz)* (2 Rx —2 Tx) 4.39)
R RY?2 R2 RY2*
ZZZy = (Rx, Ry, Rz, Tx, Ty, 1z) —>diﬁ‘(ZZ(Rx, Ry, Rz, Tx, Ty, Tz) - Z,(Rx, Ry, Rz, Tx, Ty, 1z),
Ry) :
722 (Rx, Ry, Rz, Tx, Ty, Tz);
(2 (Ry—Ty) (Rz—T2)2) | ((RZ =2 Rx Tx + T + RY* — 2 Ry Ty + T2 + R

2R Tz +T7) (R —2RxTx+ T + RV —2 Ry Ty + 1) ) — ((Ry—Tv)? (Rz — T2)> 2 Ry —
+17) = ((Ry—T9)2 (R = T2)> 2 Ry—2 7)) | (R — 2 Ry T + T
+RF—2RyTy + T/ + R —2 Rz Tz + T) (R —2 Rx Tx + x> + R)

2R+ 1))

4.3.11)

subs(REé —2RxTx + IX* + RV — 2Ry Ty + TV + RZ* —2 Rz Tz + T =R2, %) :
subs(R¥* —2 Rx Tx + T> + RV —2 Ry Ty + V’=RY2, %);
2 (Ry—Ty) (Rz—Tz)°  (Ry—Ty)> (Rz—Tz)? (2 Ry —2 Ty)

— 4.3.12)

R2 RY2 R22RY2
_ (Rv—Ty)* (Rz—T2)* (2 Ry —2 Ty)
R2 RY2*

ZZZZ = (Rx, Ry, Rz, Tx, Ty, 1z) —>diﬁF(Zz(Rx, Ry, Rz, Tx, Ty, Tz) - Z,(Rx, Ry, Rz, Tx, Ty, 1z),

Rz):

222 (Rx, Ry, Rz, Tx, Ty, Tz),

(2 (Ry—Ty)% (Rz = T2)) | ((R¥ — 2 Rx Tx + Tx® + Ry* — 2 Ry Ty + Ty? + R
—2R:Tz4+TH) (RS —2RxTx+ T + RV —2Rv Ty + 1Y) ) — (Ry—Ty)? (Rz — T2)* (2 Rz —
+17))

subs(R* =2 RxTx + T* + RV — 2Ry Ty + P + R> —2 Rz Tz + T =R2, %) :

subs(R® —2 Rx Tx + TX> + RV —2 Ry Ty + T/’=RY2, %);

2 (Ry—Ty)> (Rz—Tz) _ (Ry—1Ty)* (Rz—T2)* (2Rz —2 Tz)
R2 RY2 RZZRYZ

4.3.14)



z[3]*z[3] = 1-X[3]*X[3]
733, = (Rx, Ry, Rz, Tx, Ty, Tz) ~diff ( Z(Rx, Ry, Rz, Tx, Ty, Tz) - Zy(Rx, Ry, Rz, Tx, Ty, Tz),
Rx) :
Z33 (Rx, Ry, Rz, Tx, Ty, Tz),
(2 ((Re—Tx)2 + (Ry—T9)2) 2Rx—2Tx)) | ((RP* =2 Rx Tx + T¥* + Ry
—O2RYTy+ TV +RZ—2RzTz+T7) (RE —2RxTx + TIX* + R —2 Ry Ty
2
+17) = ((Re— o)+ Ry—19)2) 2 Rv—27%)) | (R =2 Rx T + T¥ + Ry —2 Ry Ty -

Ry +17)) = ((Re= 102 + (Rv— 192 2 Re—2Tw)) | ((R?

—2RxTx +TxX* +R/ —2Ry Ty + * + R —2 Rz Tz + T7*) (R¥* —2 Rx Tx
2
F TR — 2Ry Ty + 1))
subs(R* =2 RxTx + T* + RV —2 Ry Ty + B’ + R> —2 Rz Tz + T =R2, %) :
subs(Ré —2 Rx Tx + TX> + R —2 Ry Ty + T/"=RY2, %) :
subs( (Rx — Tx)* + (Ry — Ty)’=RY2, %)

2Rx—2Tx  RY2 (2Rx—2Tx)
R2 R22

(4.3.16)

Z33y = (Rx, Ry, Rz, Tx, Ty, 1z) —>diﬁ‘(Z3(Rx, Ry, Rz, Tx, Ty, Tz) - Z;(Rx, Ry, Rz, Tx, Ty, 1z),
Ry):

733 (Rx, Ry, Rz, Tx, Ty, T2);

(2 ((Re—Tx)2+ (Ry—T9)2) 2Rv—2Ty)) | ((RP =2 Rx Tx + T¥* + Ry?
—OQRYTy+ TV +RA—2RzTz+T7) (RE —2RxTx +TIX>* + R —2 Ry Ty
+77) = ((Re=T)2 + Ry—19)2)> 2Ry —2T9)) | (R — 2 Rx Tx + T2 + R — 2 Ry Ty -
—aryy+ 1) = (Re— 02+ (Re =112 @Ry —279)) | ((R2
—2RxTx+T* + R 2Ry Ty + 1 + R —2 Rz Tz + T7*) (R¥ —2 Rx Tx
F T RA 2Ry Ty + TP)°)

#eval( %, { Rx=-16.692327595, Ry =2.053546334, Rz =4.935321773, Tx =-16.319510615, Ty
=3.200959013, 7z=8.115683388, D2=0.512573800});

subs(R® —2 RxTx + IX>* + RV —2 Ry Ty + TV + RZ> —2 Rz Tz + T =R2, %) :
subs(sz — 2 RxTx + Tx* —|—Ry2 —2Ry Ty + Ty2=RY2, %)

subs( (Rx — Tx)> + (Ry — Ty)*=RY2, %)
2Ry—2Ty  RY2(2Ry—2Ty) (4.3.18)
R2 R
733, = (Rx, Ry, Rz, Tx, Ty, Tz) ~diff (Zy(Rx, Ry, Rz, Tx, Ty, Tz) - Zy(Rx, Ry, Rz, Tx, Ty, Tz),
Rz) :

733 (Rx, Ry, Rz, Tx, Ty, Tz);

2
((ReeT0)2+ (Rr—T912) 2Re—2 7)) | ((RE =2 Rx T + T + RY? — 2 Ry T9(4.3.19)
2
F TP +RE 2R T2+ T2) (RE—2RxTx + T + RP — 2Ry Ty + T)7) )



subs(Ré —2RxTx + IX* + RV — 2Ry Ty + T/ + RZZ —2 Rz Tz + T =R2, %) :
subs(Ré =2 Rx Tx + IX> + R —2 Ry Ty + T/*=RY2, %) :
subs( (Rx — Tx)* + (Ry — Ty)*=RY2, %)

_RY2 (2Rz—2Tz)

5 (4.3.20)
R2
z[2]*z[1]
221 = (Rx, Ry, Rz, Tx, Ty, Tz) —>diﬁ’(Zz(Rx, Ry, Rz, Tx, Ty, Tz) - Z,(Rx, Ry, Rz, Tx, Ty, Tz),
Rx) :

721 (Rx, Ry, Rz, Tx, Ty, T=);
-((Ry—Ty) (Rz —Tz)* (Rx — Tx) (2 Rx —2 Tx))/((sz—ZRxTx+Tx2+Ry2 (4.3.21)
2

2Ry Ty + TV +RZ—2RzTz+T7) (RE—2RxTx + IX* + RV —2 Ry Ty

+13%) = (Ry—Ty) (Rz — T2)* (Re — Tx) (2Rx—2Tx)) | (¢

—2RxTx +T* + R 2Ry Ty + P + R —2 Rz Tz + T7*) (R¥ —2 Rx Tx

2 2 2 2) 2 / 2

+Tx" +Ry —2Ry Ty +T1y") ) + (Ry—Ty) (Rz—T2)") | ((Rx" —2 Rx Tx

+ T 4+RP—2Ry Ty + T + R — 2Rz Tz + T7°) (R¥ —2 Rx Tx + T¥* + R

—2Ry Ty +1y°))

4.3.22)
subs(R® —2 RxTx + IX>* + RV — 2Ry Ty + TV + RZ> —2 Rz Tz + T =R2, %) :
subs(sz—ZRxTx+Tx2+Ry2—2RyTy+Ty2=RY2, %)
subs( (Rx — Tx)> + (Ry — Ty)*=RY2, %)

2
_ (Ry—Ty) (Rz—Tz) Z(Rx Tx) (2 Rx —2 Tx) 4:323)
R RY?
_ (Ry—Ty) (Rz—Tz)* (Rx — Tx) (2 Rx —2 Tx) L (Ry=Ty) (R~ Tz
R2 RY2* R2 RY2
721, = (Rx, Ry, Rz, Tx, Ty, Tz) = diff ( Z,(Rx, Ry, Rz, Tx, Ty, Tz)-Z, (Rx, Ry, Rz, Tx, Ty, Tz),
Ry) :
ZZIy(Rx, Ry, Rz, Tx, Ty, 1z);
((Rz—T2)2 (Re—Tx)) | ((RE =2 Rx Tx + > + R — 2 Ry Ty + T2 + R (4.3.24)
—2R:Tz+T7) (R —2RxTx+ T + R —2 Ry Ty + 7)) — ((Ry

—Ty) (Rz — Tz)? (Rx — Tx) (2Ry—2Ty))/((RxZ—ZRxTx-l-sz-i—RyZ

)2

2 2 N2 [ p2 2 2
—2RyTy+Ty"+ Rz —2Rz Tz + T¢") (RX" —2 Rx Tx + Tx +Ry —2RyTy
+ 1) = ((Ry—=1y) (Re—T2) (Re—Tx) 2Ry —279)) | ( (RS
—2RxTx+T* + R 2Ry Ty + ¥ + R —2 Rz Tz + T7*) (R¥ —2 Rx Tx

2
+TE+RA 2R Ty + 7))
(4.3.25)
subs(Ré —2RxTx + IX* + R — 2Ry Ty + T/ + RZ —2 Rz Tz + T =R2, %) :



subs(Rx2 — 2 RxTx + Tx* —|—Ry2 —2RyTy + Ty2=RY2, %)

subs( (Rx — Tx)* + (Ry — Ty)’=RY2, %) ;
(Rz—Tz)* (Rx—Tx) _ (Ry—Ty) (Rz—Tz)> (Rx—Tx) (2Ry —2Ty) 4.3.26)
R2 RY2 R RY2
_ (Ry—1Ty) (Rz—Tz)” (Rx— Tx) (2Ry—2 Ty)
R2 RY2*
Z21_ = (Rx, Ry, Rz, Tx, Ty, Tz) = diff (Zy(Rx, Ry, Rz, Tx, Ty, Tz)-Z, (Rx, Ry, Rz, Tx, Ty, Tz),
Rz) :

Z21_(Rx, Ry, Rz, Tx, Ty, Tz),
(2 (Ry—Ty) (Rz—Tz) (Rv—Tx)) | (R —2Rx Ty + T + RV —2 Ry Ty + T (4.3.27)
+RP 2R Tz +T7) (R —2RxTx+ T + RV —2 Ry Ty + 1) ) — ((Ry
—1Ty) (Rz — Tz)* (Rx — Tx) (2Rz—2Tz))/((sz—ZRxTx—i-sz-l—Ryz
ARy Ty 4T 4R 2R T2+ T2) (RE —2 Re Tx + T2 + R — 2 Ry Ty
+17))

(4.3.28)
subs(REé —2RxTx + IX* + R — 2Ry Ty + TV + RZ* —2 Rz Tz + T =R2, %) :
subs(R¥* =2 Rx Tx + T> + R —2 Ry Ty + V’=RY2, %) :
subs( (Rx — Tx)> + (Ry — Ty)*=RY2, %)

2 (Ry—Ty) (Rz—Tz) (Rx—Tx) _ (Ry—Ty) (Rz—Tz)* (Rx — Tx) (2 Rz —2 T%) 4.329)
R2RY2 R RY2 e

Z[3]*Z[1] = -Xx[3]*x[1]
Z31, = (Rx, Ry, Rz, Tx, Ty, Tz) —>diﬁ‘(Z3(Rx, Ry, Rz, Tx, Ty, Tz) - Z,(Rx, Ry, Rz, Tx, Ty, 1z),
Rx) :
Z31(Rx, Ry, Rz, Tx, Ty, Tz);
((2Rx—2Tx) (Re—Tx) (R=—T2)) | ((R® —2 Rx Tx + T + Ry* —2 Ry Ty + T
+RP 2R Tz +T7) (RE—2RxTx + T + RV —2 Ry Ty + 1Y?) )
+ (((Rx—Tx)*+ (Rv—Tv)?) (Rx—Tx) (Rz —Tz) (2Rx—2 Tx))/((Rx2—2RxTx—|-Tx2+Ry2
+772)) + (((Ry — Tx)> + (Ry — Tv)?) (Rx—Tx) (Rz — T%) (2 Rx
—2Tx))/((sz—2RxTx+sz+Ry2—2RyTy+Ty2+Rzz—2Rsz
2
+72) (RE—2RxTx + T+ R — 2Ry Ty + T37) ) — (((Rx — Tx)> + (Ry — Tv)?) (Rz —T%))
—2Ry Ty + 1y°))
(4.3.31)
subs(Ré —2RxTx + IX* + RV — 2Ry Ty + TV + RZZ —2 Rz Tz + T =R2, %) :

subs(R¥* —2 Rx Tx + Tx* + R —2 Ry Ty + TV’=RY2, %) :
subs( (Rx — Tx)* + (Ry — Ty)*=RY2, %)



(M—hn&—%nuwﬂﬂﬂ_&—ﬁ (4.3.32)
R? R2

Zj]y := (Rx, Ry, Rz, Tx, Ty, Tz) —>diﬁ‘(Z3(Rx, Ry, Rz, Tx, Ty, Tz) - Z,(Rx, Ry, Rz, Tx, Ty, 1z),
Ry) :
Z3Iy(Rx, Ry, Rz, Tx, Ty, 1z);

“((2Ry—2Ty) (Re—Tx) (Rz—T2)) | ((RZ —2 Rx Tx + T2 + RP —2 Ry Ty + Ty
+RP—2R:Tz+T7) (RE—2RxTx + T + RV —2 Ry Ty + 1Y?) )
+ (((Rx=Tx)* 4+ (Ry = Ty)*) (Rx—Tx) (Rz —Tz) (2 Ry —2 Ty))/((Rx2—2RxTx+Tx2+Ry2
+15%)) + ((Re—Tx)* + (Ry— Ty)*) (Rx—Tx) (Rz — T=) (2 Ry
—2Ty))/((sz—ZRxTx+Tx2+Ry2—2RyTy+Ty2+Rzz—2Rsz
+72) (RE—2ReTx + TP +RP — 2Ry Ty + 7))

(4.3.34)
subs(Ré —2RxTx + IX* + RV — 2Ry Ty + T/* + RZ> —2 Rz Tz + T =R2, %) :
subs(Ré =2 Rx Tx + IX* + R —2 Ry Ty + T/*=RY2, %) :
subs( (Rx — Tx)* + (Ry — Ty)*=RY2, %)
(Rx—Tx) (Rz—Tz) (2Ry —2 Ty) (4.335)
R
Z31_ = (R, Ry, Rz, Tx, Ty, Tz) > diff ( Z(Rx, Ry, Rz, Tx, Ty, Tz) -Z, (Rx, Ry, Rz, Tx, Ty, Tz),

Rz):
Z31_(Rx, Ry, Rz, Tx, Ty, Tz),
(((Rx—Tx)* + (Ry—Ty)?) (Rx —Tx) (Rz — Tz) (2Rz—2Tz))/((Rx2—2RxTx (4.3.36)
2
+ I+ R — 2Ry Ty + T* + R —2 Rz Tz + )" (R¥ —2 Rx Tx + Tx* + RY?
2R Ty + 7)) — ((Re—T)* + (Ry — T9)?) (Ry—Tx)) | ((R¥
—ORxTx+ T+ R —2Ry Ty + P + R —2 Rz T2+ T7°) (R —2 Rx Tx
+Tx2+Ry2—2RyTy+Ty2))

(4.3.37)
subs(REé —2RxTx + IX* + R — 2Ry Ty + TV + RZ> —2 Rz Tz + T =R2, %) :
subs(R¥* =2 Rx Tx + T> + R —2 Ry Ty + V’=RY2, %) :
subs( (Rx — Tx)* + (Ry — Ty)’=RY2, %) ;

(Rx—Tx) (Rz—Tz) 2Rz —2Tz)  Rx—Tx 4.338)

R22 R2
z[3]*2[2] = -x[3]*x[2]
732, = (Rx, Ry, Rz, Tx, Ty, Tz) > diff ( Z(Rx, Ry, Rz, Tx, Ty, Tz) - Zy(Rx, Ry, Rz, Tx, Ty, Tz),
Rx) :
Z32 (Rx, Ry, Rz, Tx, Ty, Tz),;
(2Rx—2Tx) (Rv—Ty) (Rz—T=)) | ((RE =2 Rx Tx + T2 + RV* —2 Ry Ty + T
+RP—2R:Tz+T7) (RE—2RxTx + T + RV —2 Ry Ty + 7))



+(((Rx—Tx)*+ (Ry—T)?) (Ry—Tv) (Rz —Tz) (2 Rx —2 Tx))/((Rx2—2RxTx+Tx2+Ry2
+79%)) + (((Re—Tx)? + (Ry—T9)?) (Ry—Ty) (Rz—T2) (2 R

—270) | ((RE =2 Ry Tx + T2 4+ R — 2 Ry Ty + Ty + R —2 R= T

+72) (RE—2ReTx + TP +RP — 2Ry Ty + 7))

(4.3.40)
subs(REé —2RxTx + IX* + R — 2Ry Ty + TV + RZ> —2 Rz Tz + T =R2, %) :
subs(R¥* —2 Rx Tx + T> + R —2 Ry Ty + V’=RY2, %) :
subs( (Rx — Tx)* + (Ry — Ty)*=RY2, %)
(Ry—Ty) (Rz — Tz) (2 Rx —2 Tx) 4.3.41)

R?
732, := (Rx, Ry, Rz, Tx, Ty, Tz) = diff ( Z;(Rx, Ry, Rz, Tx, Ty, Tz) - Z,(Rx, Ry, Rz, Tx, Ty, Tz),
Ry) :
Z32y(Rx, Ry, Rz, Tx, Ty, 1z);

(QRy—2Ty) (Ry—Ty) (R=—T=)) | ((RE* —2 Rx Tx + T + Ry* —2 Ry Ty + T
+RP—2R:Tz+T7) (RE—2RxTx + T + RV —2 Ry Ty + 1Y?) )
+ (((Re—Tx)*+ (Rv—Tv)?) (Ry—Ty) (Rz—Tz) (2Ry—2 Ty))/((Rx2—2RxTx+Tx2+Ry2
+ 7)) + ((Re—Tx)* + (Ry—T9)*) (Ry—Ty) (Rz — T=) (2 Ry
—2Ty))/((sz—ZRxTx+Tx2+Ry2—2RyTy+Ty2+Rzz—2Rsz

7)) (RE—2RxTx + TP+ RP —2 Ry Ty + 7)) — (((Rx — T)> + (Ry — T)?) (Rz —T2)),
—2Ry Ty + 1y°))

(4.3.43)
subs(R® —2 RxTx + IX> + RV — 2Ry Ty + T/ + RZ> —2 Rz Tz + T =R2, %) :
subs(Rx2 — 2 RxTx + Tx* —|—Ry2 —2Ry Ty + Ty2=RY2, %)
subs((Rx — Tx)* + (Ry — Ty)*=RY2, %)
(Ry — Ty) (Rz—Tzz) (2Ry—2Ty) Rz—Tz (4.3.44)
R2 R2
732, = (Rx, Ry, Rz, Tx, Ty, Tz) ~diff (Zy(Rx, Ry, Rz, Tx, Ty, Tz) - Zy(Rx, Ry, Rz, Tx, Ty, Tz),

Rz) :
732.(Rx, Ry, Rz, Tx, Ty, T=);
(((Rx—Tx)*+ (Ry—Tv)?) (Ry—Ty) (Rz — Tz) (2Rz—2Tz))/((Rx2—2RxTx (4.3.45)
2
+ T 4+RP—2Ry Ty + TV +RZ — 2Rz Tz + T77) " (R —2 Rx Tx + I> + RY
2Ry Ty +1%)) — (((Rx—T)* + (Ry— 1)) (Rv—Tv)) | ((RY
—2RxTx+ T +R — 2Ry Ty + * + R —2 Rz Tz + T7°) (R¥ —2 Rx Tx
+ T4+ RFP—2Ry Ty + %))
(4.3.46)



subs(Ré —2RxTx + IX* + RV — 2Ry Ty + T/ + RZZ —2 Rz Tz + T =R2, %) :
subs(R¥* —2 Rx Tx + Tx* + R —2 Ry Ty + TV’=RY2, %) :
subs( (Rx — Tx)* + (Ry — Ty)*=RY2, %)
(Ry — Ty) (Rz—Tzz) (2Rz—2T:)  Ry—Ty (4.3.47)
R2 R2




