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ABSTRACT: On sidewalks in the Central Business Districts (CBD) of a city, overflow of pedestrians is the main source of queuing delay which is caused by the capacity of sidewalks and management practices. The concept of flow management can be used to avoid the building of extreme queues of pedestrians on sidewalks in the CBD. Thus, in this paper, the application of M/M/c/K state-dependant queuing models for managing the flow of pedestrians and the design of sidewalks in the CBD is discussed. The paper also derives some performance measures that are useful for such management and the design of sidewalks in the CBD. 
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1. Introduction
Flow management is one of the common means to ensure proper quality of service with limited facilities in transportation and communication industry. An efficient flow management approach is the one that adjusts the input flow based on the appropriate operating characteristics to provide optimum performances. Therefore, the real factors that have significant influences on the operating characteristics and the performances should be incorporated as much as possible in the flow management approach. The incorporation and the assessment of influences are usually done by using an analytical model. However, the opportunity to find an appropriate analytical tool is very limited as few real-world situations conform to the requisite assumptions. 
The Central Business District (CBD) of a city is ideally suited for the provision of efficient pedestrian networks. Thus, the pedestrian facilities in CBD areas should not turn into bottlenecks/ high congestions. On the other hand, although the increment of capacity (additional line) eases the pedestrian jam, the necessity of additional line on the valuable land in CBD should be justified against the monetary cost and based on how the users rank delays due to congestion (Seneviratne & Morrall, 1985). Braess (1968) noticed that, in the congested traffic condition, addition of line to the capacity leads to an increase in the average travel time for everyone. This is because self-serving individuals cannot refrain themselves from utilizing the additional capacity, even though such utilization leads to deterioration in the average travel time. Thus, one way to avoid the bottlenecks is to manage the flow based on the local pedestrian flow characteristics (Rahman, Ghani, Kamil, & Mustafa, 2012, 2013a) and to design the pedestrian facilities according to their demand for flow. The pedestrian flows and facilities should also be analysed with an appropriate analytical tool that can incorporate important determinants and functional factors. However, there are a small number of researches that have devoted to manage the pedestrian flow as well as the capacity based design of pedestrian facilities. Among those, Yuhaski & Smith (1989) and Mitchell & MacGregor Smith (2001) presented comprehensive analyses of pedestrian facilities and developed an analytical approximation methodology based on M/G/C/C state dependent queuing models to compute certain performance measures for pedestrian facilities. However, to overcome some limitations and to incorporate some important determinants and functional factors, as mentioned in the next section and thereafter, in this study we will develop the M/M/c/K state-dependent queuing models to manage pedestrian flows and capacity based design of pedestrian facilities in open outdoor walking environment e.g. sidewalks. 
The rest of the paper is organized in the following manner. The reasons for using M/M/c/K state dependent queuing models and the pedestrian speed model that can represent the state dependent services on sidewalks are presented in Section 2. The background to the use and development of the M/M/c/K state-dependent pedestrian flow management model to analyze a single link of a network of sidewalks is provided in Section 3, which could be extended to analyse pedestrian flows through the network. The paper ends with conclusion and further research. 

2. Queuing and Congestion Models for Sidewalks 
	Crowd on the sidewalks in a CBD sometimes brings the pedestrian movements to a standstill. In such situations, a pedestrian could not freshly join the queue on the facility because the facility is already at the capacity (i.e. balk). Balking is not only a common phenomenon in the pedestrian movements, but it is also frequently observed in vehicle traffic, machine repair models etc. In 1917 Danish mathematician A K Erlang gave a formula for loss and waiting time based on M/M/s/s system, which was soon used by many telephone companies in different countries (Bojkovic, Bakmaz, & Bakmaz, 2010; Chung, Kashper, & Ross, 1993). The loss formula is known as Erlang’s B formula, where B stands for blocking, and can be used for estimating the probability of balking in telephone, cable etc. This loss formula has also been used by Yuhaski & Smith (1989) and Mitchell & MacGregor Smith (2001) in the performance measures and the planning of pedestrian facilities and networks. However, the following reasons have stimulated to adopt the M/M/c/K system based queuing models rather than M/G/C/C queuing models for the design and analysis of pedestrian networks in open outdoor walking facilities:
1. The M/G/C/C state dependent queuing models consider that the queue consists entirely of the walking facility without any buffer space. Such consideration may be applicable in an emergency evacuation from a building or in circuit switching. However, it is not reasonable for the uninterrupted and moving pedestrians in an open outdoor walking facility/ sidewalk. 
1. The waiting/lingering time, and the lateral spacing required for the movements of a pedestrian on a walking facility are not explicitly reflected in the formulation of the corresponding congestion models.
1. The congestion models for M/G/C/C state-dependent queuing models do not support the observation of Polus, Schofer, & Ushpiz (1983), that is to say, up to the densities of about 0.6 ped./m2 the free flow condition remains valid on sidewalk facilities.
The M/M/s system based congestion models as derived in Eq. (1) based on the model developed by Rahman et al. (2013b), which has been empirically validated, and M/M/c/K state-dependent pedestrian flow models, as formulated in Section 3, could triumph over these shortcomings to study the pedestrian movements and flow management on sidewalk facilities, and designing of such facilities. 

2.1 Pedestrian Walking Speeds on Sidewalks
Many studies on pedestrian movements have been carried out under different conditions. The studies found that the patterns of pedestrian movements under the normal and emergency conditions are not same. However, there are some common personal factors such as age, gender, intelligence, and physical fitness of a pedestrian have significant influence on the pedestrian speeds in any walking condition and environment. Since pedestrian free flow speed is mainly influenced by the pedestrian variables or personal attributes, the inclusion of most common factors to the modelling of pedestrian movements can be done by bringing free flow speed to the corresponding congestion models.
In a public walkway facility, the usual movements of a pedestrian are hindered by the presence of other pedestrians (Older, 1968). Thus, on the sidewalks in a CBD, interaction with other pedestrians is the most important factor that influences the pedestrian speed and flow. People moving on the sidewalks are not always in huge numbers, but certainly at high densities. On the sidewalks, pedestrians usually travel at a maximum density of 1.55 ped./m2 (normal capacity), whereas pedestrian free flow speeds start to decline at a density of 0.6 ped./m2 and ‘usual jam’ (the facility is at the capacity) occurs at densities of about 3.32 ped./m2 (Polus et al., 1983; Rahman et al., 2013a, 2013b). As far as continuous pedestrian movements on sidewalks is concerned, ‘usual jam’ leading to ‘solid jamming’ seemingly takes place at densities in the range 4 to 5 ped./m2, which is very rare to be occurred. Rahman et al. (2013b) have developed a non-linear analytical model for pedestrian speeds on sidewalks, which supports the above mentioned empirical results and can be expressed as Eq. (1) as a function of the number of pedestrians on a sidewalk.

2.2 Congestion Model for Sidewalks
In a congested situation, the three variables that completely describe the pedestrian traffic flows are speed, flow and density. Pedestrian flows moving on a facility represent pedestrians’ demand. Depending on the volume of flow and other factors (e.g. personal attributes) speed and density will fluctuate. Confronting the demand for flow and the capacity of the facility (supply) determines the operating characteristics and the performances of a pedestrian infrastructure under investigation. Speed is a key measure to the quality of service (service rate) provided to the pedestrians on the facility and as such determines the effectiveness of the facility infrastructure (Council, 2000). In addition to personal attributes, the average speed of pedestrians is influenced by many other factors including the purpose of the journey, the physical nature of the walkway, the nature of the surrounding area, and weather (Al-Azzawi & Raeside, 2007). However, for the purpose of capacity analysis only concentration (the number of pedestrians in the facility) should be considered (Navin and Wheeler, 1969). Hence, the speed-density relationship on sidewalks developed by Rahman et al. (2013b) has been adopted in this study and it can be expressed as the following as a function of the number of pedestrians on a sidewalk.

                                      (1)
	where
	vm
	=
	average walking speed of m pedestrians on the facility (m/sec);

	
	vf
	=
	average free flow speed of a pedestrian  (m/sec);

	
	c
	=
	1.55*W*L = the normal capacity of a sidewalk facility (ped.);

	
	W
	=
	the width of the facility (m);

	
	L
	=
	the length of the facility (m);

	
	m
	=
	number of pedestrians on the facility, m = 1, 2, …,c,…,K(= 2c);

	
	s
	=
	
= number of pedestrian lanes on the facility, where 1.07 m of width is reduced to calculate the effective width of the facility (Navin and Wheeler, 1969) and 

	
	b
	=
	lateral spacing required for a pedestrian to move on the facility (m) = 0.8m (Council, 2000).



As mentioned in sub-section 2.1, pedestrians on sidewalks usually move at maximum density of 1.55 ped./m2. Therefore, the normal capacity, c, is equal to 1.55 times the area of the facility in square meters (m2). Hence, in the above, c is expressed as 1.55*W*L. In addition, the ‘usual jam’ (the facility is at the capacity) occurs at densities of about 3.32 ped./m2. Thus, it is reasonable to consider that the facility will be at jam capacity when there are more 2c pedestrians on the facility. Therefore, in the above, it is considered that the highest number of pedestrians on the facility could be up to K = 2c. For illustration and experimentation purposes, we will be confined ourselves to the above considerations and assumptions. 
3. Analytical Model for a Single Sidewalk 
It is mentioned in the sub-section 2.2 that pedestrian speed, flow and density (the number of pedestrians on a facility) completely describe the pedestrian traffic flows in a congested situation. Thus, it is always favourable if the performance measures of a pedestrian facility could be formulated based on these three variables. In the study of stochastic nature of pedestrian flows, when two of the three variables are known, the traffic operator can manage the third one to meet performance measures to the targeted magnitudes. Based on the capacity of a facility, the pedestrian flow ascertains the operating characteristics and the performances of an infrastructure under investigation. Thus, the managing of pedestrian flows for given speeds and the number of pedestrians on a facility is more convenient in terms of sharply response to the stochastic changes in pedestrian traffic conditions. 




In the development of analytical models for understanding the stochastic nature of pedestrian flows, we can define a single sidewalk as a station where pedestrians are served. It is considered that the sidewalk has c servers in the normal capacity (as discussed in the previous section), which provide facilities to the pedestrians to pass the sidewalk without overflowed. A pedestrian can be both an output and an input to the queuing system within the sidewalk. Here, we assume that pedestrians enter the sidewalk in accordance with a Poisson process with rate (and thus the inter-entrance times are exponentially distributed), enter the sidewalk if it is not in jam capacity K, and then spend an exponential amount of time on the sidewalk with rate  being served. The service time is equal to the travel time required for a pedestrian to pass the entire length of the sidewalk. The travel time and hence the service rate,, is state dependent as the travel time of each pedestrian within the sidewalk depends on the number of prevailing pedestrians on the sidewalk. It is assumed that, at each moment of time, pedestrians are uniformly distributed over the sidewalk. Thus, for m pedestrians on the sidewalk, the service rate will be a function of m i.e.. Since the sidewalk normal capacity is c and jam capacity is K, we can model the stochastic nature of pedestrian flows on a sidewalk with a queuing model. Thus, our considered model, in Kendall notation, could be described as M/M/c/K.
From the balance equations for M/M/c/K queuing system, we have the steady-state probabilities pm (m = 1, 2…,c,…..K) of m pedestrians on the sidewalk as 

                                      (2)
From the normalizing condition for p0, probability of no pedestrian on the sidewalk, we have

                    (3)

In the flow management modelling, we consider that the arrival rates will be controlled (for example, by using a roundabout on the middle or in the entry and exit points of the sidewalk) and hence arrival rates are not influenced by the number of prevailing pedestrians, m, on the sidewalk. We, therefore, assume that the arrival rates of flows are constant such that  and then we have from Eqs. (2) and (3)


                                             (4)
and

                                                    (5)


where , for i = 1, 2…..m, is a function of i, the number of pedestrians on the sidewalk. Since the number of prevailing pedestrians affects the average pedestrian speed/travel time and hence the service rates, we can use the non-linear congestion model of Eq. (1) to describe  on a single sidewalk. Note that the service rate, rm, when there are m pedestrians on the sidewalk, is equal to the inverse of the average time that is required for a pedestrian to traverse the length of the sidewalk; therefore,

                                                                                           (6)
Since, in our consideration, m servers simultaneously serve on the sidewalk facility, we will have the overall service rate for m pedestrians as 

                                                                         (7)

By substituting the expression for, from Eq. (7) into Eqs. (4) and (5), we obtain the steady-state probabilities as

                                 (8)
and

                                                 (9)

where is the expected service time/ traverse time for a pedestrian in free flow condition in a sidewalk of length L and 

is the ratio of average speed of m pedestrians on the sidewalk to that of speed in free flow condition. Since the speed has been expressed as a function of number of pedestrians or density, for a particular number of pedestrians on a given facility, the steady-state probabilities and the corresponding performance measures (as will be discussed in the next section) will depend on the arrival rates i.e. on the pedestrian flows.
4. Conclusion and Further Research
The use of M/M/c/K queuing models for analysing a single sidewalk allows us to compute certain performance measures in equilibrium condition. The most relevant performance measures include
i. 
The probability of balking () is equal to pm where m equals K,
ii. 
is the average number of pedestrians waiting in the queue in the equilibrium condition, 
iii. 
 is the expected amount of time a pedestrian spends on the facility, 
iv. 
is the pedestrian effective arrival to the sidewalk or throughput through the sidewalk. 

The most important factors that influencing the behaviour of pedestrian flows and the related performances of a walking facility include pedestrian arrival flow rate,, length of the facility L, width of the facility W and pedestrian personal capacity vf. 
What is intended to do in a further study is to examine the effects of these factors on performances. Such examinations will be useful for proper management and the design of sidewalks in the CBD. 
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