
Appendix S3. Calculation of dimensionless partition function for
a population of bivalent receptors that can be cross-linked by
ligand species of variable valency

First we review the results obtained by Goldstein et al. [1] on the clustering of bivalent cell surface
receptors by trivalent ligands. The total non-dimensional partition function which is the sum of all
receptor containing species, normalized by the total receptor concentration XT is given by

q =
1
γq0

[
1− 1− (1− 4γq20)3/2

6γq20

]
, (S3-1)

where q0 is the reduced partition function for all linear chains of bivalent receptors linked by trivalent
ligands. It can be shown that

q0 = w/(1− δw), (S3-2)

where
w = (1 + χ)2x, (S3-3)

given that x = X/XT and χ = 3KC, where X and C are respectively the equilibrium concentrations of
free receptors and ligands, and K is the equilibrium constant for the binding of a single site on a ligand
in solution to a single cell surface receptor site.

δ = αχ/(1 + χ)2, (S3-4)

where
α = 4KxXT , (S3-5)

and Kx is the first cross-linking constant.

γ =
χαβ

(1 + χ)3
, (S3-6)

where
β = KxxXT , (S3-7)

and Kxx is the second cross-linking constant, which describes the binding to a single receptor site of a
site on a ligand that already has two sites bound to two other receptors.

In order to generalize the theory for bivalent cell surface receptor and trivalent ligand to one for bivalent
receptor and a mixed population of monovalent, bivalent and trivalent ligands, we have to modify q0.
Now q0 in Eq. (S3-1) can be represented as q0 = qf (1 + χ)2 and q0 can be systematically modified by
modifying each of its factors. We first modify qf which is the dimensionless partition function for linear
chains which both begin and end with a free receptor site.

Let the equilibrium concentration of free bivalent ligand and monovalent ligand be represented by
D and M , respectively, and let the corresponding total concentrations be DT and MT respectively. We
assume that the equilibrium constant K is the same for ligands with different valencies. For convenience,
we define the following dimensionless quantities.

ξ = 3KCT , κ = KDT , ζ = KMT , (S3-8)

and,
c = C/CT , d = D/DT ,m = M/MT . (S3-9)

Hence, we can write
χ = ξc. (S3-10)
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We also define ∆ and µ as
∆ = KD = κd;µ = KM = ζm. (S3-11)

We can divide all linear chains beginning and ending with a free receptor into two categories
i) chains which are cross-linked only by bivalent ligands (includes the free receptor), and
ii) chains which are cross-linked by both bivalent and trivalent receptors.
The partition function corresponding to category (i) can be expressed as

q
(a)
f =

[
X + (4KKxDX) + (4KKxDX)2 + ...

]
/XT = x/(1− α∆x). (S3-12)

The partition function for category (ii) can be obtained starting from the partition function of all linear
chains which are cross-linked only by trivalent ligands and have at least two receptors, since the free
receptor has already been included in category (i). The partition function q

(3)
f of linear chains with at

least two receptors, containing only trivalent ligands and having a free receptor at both ends can be
obtained by subtracting the contribution of the free receptor from qf in Goldstein et al. [1]. Hence,

q
(3)
f =

x

1− αχx
− x =

αχx2

1− αχx
. (S3-13)

The partition function for category (ii), which we call q(b)f , can easily be obtained by substituting x by

q
(a)
f in the final form of q(3)f . Thus the final expression for qf is

qf = q
(a)
f + q

(b)
f = q

(a)
f +

αχ(q(a)
f )2

1− αχ(q(a)
f )

= (
x

1− α∆x
)/(1− αχx

1− α∆x
). (S3-14)

We can also obtain the same expression for qf starting from a sequence generating function approach.
In this approach, we consider two different sequences,
i) sequence of all linear chains, cross-linked only by trivalent ligands, containing at least two receptors,
and having free receptor sites at both ends, and
ii) sequence of all linear chains, starting from the free receptor, cross-linked only by bivalent ligands and
having free receptor sites at both ends.

Sequence (i) is represented as U = {u2, u3, u4...} and sequence (ii) as V = {v1, v2, v3, v4, ...}. Thus the
element in each sequence with subscript k denotes the linear chain in that sequence containing k receptors.
Note that the U sequence does not have any u1 because the free receptor is included in the V sequence.
It can be shown that all the linear chains which are cross-linked by both bivalent and trivalent ligands
can be generated using the elements of the U and V sequences, where we consistently use the bivalent
ligand as the linker between the elements of the U and V sequences. We denote the dimensionless sum
of concentrations of all the elements in the U sequence by SU and the sum of concentrations of all the
elements in the V sequence by SV . The sums are rendered dimensionless on division by the total number
of receptors XT .

Consider the chains which starts with an U element and ends with a V element. We term this set
as the UV set. If we add another U element to the chains in this UV set we get the UV U set. Next
consider the following sets which are the subsets of the set of all chains which are cross-linked by both
bivalent and trivalent ligands -
i) UV + UV UV + UV UV UV + ...
ii) UV U + UV UV U + UV UV UV U + ...
iii) V UV + V UV UV + V UV UV UV + ...
The partition functions for sets (i)-(iii) can be evaluated as

q(i)uv = [4(2KKxDXT )SUSV ] /
[
1− (2KKxDXT )2(4SUSV )

]
, (S3-15)
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q(ii)uv =
[
4(2KKxDXT )2S2

USV

]
/

[
1− (2KKxDXT )2(4SUSV )

]
, (S3-16)

and

q(iii)uv =
[
4(2KKxDXT )2SUS

2
V

]
/

[
1− (2KKxDXT )2(4SUSV )

]
. (S3-17)

In order to obtain the total partition function for all linear chains in which receptors are cross-linked by
both bivalent and trivalent ligands, we should consider the set of elements of the U sequence, connected
only by bivalent ligands. Such elements comprise the set {UU,UUU,UUUU, ...} and the sum of the
concentrations of the elements of this sequence is denoted by SU . Moreover, we have to incorporate
elements of this sequence into the chains in each of sets (i)-(iii). It can be shown that on incorporating
the elements of this set into the sets (i), (ii) and (iii), the corresponding partition functions q(i)uv , q(ii)uv and
q
(ii)
uv are modified to yield

q(i)uv = [4(2KKxDXT )(SU + SUU )SV ] /
[
1− (2KKxDXT )2{4(SU + SUU )SV }

]
, (S3-18)

q(ii)uv =
[
4(2KKxDXT )2(SU + SUU )2SV

]
/

[
1− (2KKxDXT )2{4(SU + SUU )SV }

]
, (S3-19)

and

q(iii)uv =
[
4(2KKxDXT )2(SU + SUU )S2

V

]
/

[
1− (2KKxDXT )2{4(SU + SUU )SV }

]
. (S3-20)

Then, we can express the partition function of all chains (including the free receptor), which have a free
receptor site at either end as

qf = SU + SUU + SV + q(i)uv + q(ii)uv + q(iii)uv , (S3-21)

which reduces to

qf = (SU + SUU + SV )
+ [4(2KKxDXT )(SU + SUU )SV (1 + (2KKxDXT )(SU + SUU ) (S3-22)
+ (2KKxDXT )SV )]/[1− (2KKxDXT )2{4(SU + SUU )SV }].

Now SU is the same as q(a)
f in Eq. (S3-12) and SV is the same as q(3)f in Eq. (S3-13). We can obtain

an expression for SUU in the following fashion. Let us consider the sequence of all linear chains which
have a free receptor site at either end, cross-linked only by bivalent ligands and containing at least two
receptors. The sum of concentrations of the elements in this sequence is given by

SV − x = α∆x2/(1− α∆x). (S3-23)

In order to obtain an expression for SUU , we should replace the reduced receptor concentration x by in
the above equation by the dimensionless sum of concentrations of all linear chains comprising of receptors
cross-linked only by trivalent receptors. This latter sum is thus the same as SU . Thus,

SUU = α∆(αχx2/(1− αχx))2/(1− α∆(αχx2/(1− αχx))), (S3-24)

so that,

SU + SUU = αχx2/(1− αχx)
+ α∆(αχx2/(1− αχx))2/(1− α∆(αχx2/(1− αχx))) (S3-25)
= αχx2/(1− αχx− α2χ∆x2).
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In terms of (SU + SUU ) and SV , qf can be re-written as

qf = [(SU + SUU ) + SV + 2α∆(SU + SUU )SV ]/(1− (α∆)2(SU + SUU )SV ). (S3-26)

Substituting the values of (SU +SUU ) from Eq. (S3-25), and SV (which is the same as q(3)f ) from Eq. (S3-
13) into the above equation, we get

qf = x/(1− αχx− α∆x) = (
x

1− α∆x
)/(1− αχx

1− α∆x
), (S3-27)

which is the same as Eq. (S3-14).
The factor (1 + χ)2 on the RHS of q0 = qf (1 + χ)2 in Goldstein et al. [1] has to be replaced by

(1 +χ+ 2∆ +µ)2 to account for the bivalent and monovalent ligands which can occupy the end positions
of the chains. Hence, the dimensionless partition function for all linear chains (including the free receptor)
is given by

q0 =
[
(

x

1− α∆x
)/(1− αχx

1− α∆x
)
]

(1 + χ+ 2∆ + µ)2. (S3-28)

Since it is the ligand and not the receptor that has variable valency, Eq. (S3-1) holds for the q0 in
Eq. (S3-28).
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